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1. INTRODUCTION 
In recent years there has been an increasing interest in the study of the oscillatory and asymptotic 
behaviour of solutions of difference quations (see e.g., [1-13] and the references cited therein). 
Numerous results exist for first and second order difference quations with or without delay; 
however, very few results are available for oscillation and asymptotic behaviour of higher order 
difference quations. Therefore, the purpose of this paper is to investigate the oscillatory and 
asymptotic behavior of the higher order difference quation 
Amy(n) ÷ q(n)f (y (a(n))) h (Am- ly  (6(n))) = O, n = O, 1, 2 , . . . ,  m even, (1.1) 
as well as the forced difference quation 
Amy(n) -{- q(T~)f (y (ff(?~))) h (Am-ly (~(n))) ---- e(n), n = 0, 1, 2 , . . . ,  m even. (1.2) 
The results we obtain are discrete analogues ofthe results given in [14,15]. For general background 
on difference quations, one can refer to [16,17]. 
2. OSCILLAT ION OF  (1.1) 
In the mth order equation (1.1), {q(n)} is a sequence of nonnegative r al numbers and q(n) 
is not identically equal to zero for infinitely many values of n; {a(n)} and {6(n)} are given 
sequences of integers with limn-.oo a(n) = co = limn-.oo 6(n) = oo. We assume throughout that 
f, h : R -~ R are continuous with h(u) > O, u ~ O. Further, 
ul( ) > o, # o, 
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and f satisfies the exponential property 
- f (uv)  > f(uv) > Kf(u)f(v)  (2.1) 
on R - {0}, where K is a positive constant. 
By a solution of (1.1), we mean a real sequence {y(n)} which is defined for all n _> minj>0{a(j), 
5(j)} and satisfies (1.1) for sufficiently large values of n. A nontrivial solution of (1.1) is called 
nonosciilatory if it is eventually of constant sign. Otherwise it is called oscillatory. 
In the sequel we need the following two lemmas, of which the first can be found in [11] and the 
second in [16]. 
LEMMA 2.1. Let {y(n)} be a sequence of real numbers in N = {0, 1,2,. . .  }. Let {y(n)} and 
Amy(n) be of constant sign with Amy(n) not being identically zero on any subset {nl, nl + 1,... } 
of N. If 
y(n)Amy(n) _< O, 
then there exists a number ~/n {0, 1, . . . ,  (m - 1)} with (--1) m-~- I  ---- 1 and such that 
y(n)AJy(n) > O, 
(-1)J-ey(n)AJy(n) > O, 
forj = 0,1,2, . . . ,~, n _> n2 2 nl, 
fo r j= i+ l , . . . , (m-1) ,  n>_n2 >_hi. 
LEMMA 2.2. Let {y(n)} be as defined in Lemma 2.1 and such that y(n) > 0 and Amy(n) < 0 
for all n > no, and not identically equal to zero. Then there exists a sufficiently large integer nl 
such that for all n >_ nl 
1 
y(n) > (m 1)------q Am- ly  (2m-~-Xn) (n -  n,) (m-x~, 
where (n -  nl) (m-l) is the usual factorial notation. Moreover, if {y(n)} is increasing, then 
1 Am_Xy(n ) / n ~(m-I)  
y(n) > (m-  i)[ k2m_l ] , for all n > 2nl. 
Now we present our results for (1.1). 
THEOREM 2.1. Let condition (2.1) hold. Further, assume that 
f(u) and f(u)h(u) are nondecreasing for u # O, 
5(n) <_ inf{i, a(i)}, for n _> no, 
i>_n 
L T du L -T du f(u)h(u) < oo, f(u)h(u) < oo, for any T > 0. 
(2.2) 
(2.3) 
(2.4) 
I f  
q(n): t,t, ) ) =oo, (2.5) 
then every solution of (1.1) is osciflatory. 
PROOF. Suppose there is a nonoscillatory solution {y(n)} of (1.1). We may assume (and we do) 
that y(n) > 0 for all n _> no >_ 0 for some integer no. By Lemma 1, there exists an nl _> no such 
that Ay(n) > 0 and Am-ly(n) > 0 for all n _> nl. Since {y(n)} is increasing, by Lemma 2.2 we 
have 
1 Am_ly(n ) y(n) > (m 1)~ t2m_ l ]  , for all n > 2nl .  (2.6) 
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Consequently, since/f(n) ~ oo as n --* ce, there exists n2 >_ 2hi such that 
i 
y(6(n)) > (m 1)-----------~..Am-ly(6(n)) \2m_ 1) , for all n > 2n2. (2.7) 
Using conditions (2.2), (2.3) and the fact that {y(n)} is increasing, we have 
f(y(6(n))) >_ f(A(n)), for all n _> n2, (2.8) 
where A(n) stands for the expression on the right-hand side of inequality (2.7). Thus, from (1.1) 
we have 
Amy(n) + q(n)f(A(n))h ((Am-ly(~(n))) ~ O, for all n _> n2, (2.9) 
from which it follows that 
Amy(n) + cq(n)f f (Am-ly(n)) h (Am-iy(n)) <_ O, for all n >_ n2, 
(2.10) 
where c = K2f  (1/(m - 1)!). Summing the above inequality from n2 to n, we get 
e q(s).f <- - f (Am-ly(s)) h (Am-ly(s)) 
8~ 2 
fo ~'~-~y(~2) du <- f(u)h(u-----~ < oo, 
which contradicts condition (2.5). 
If 6 < 0 for all n > no, we can put x(n) = -y(n) and transform equation (1.1) to 
Amx(n) + q(n)f* (x (a(n))) h* (Am-lx (6(n))) = O, (E)' 
where f*(x) = - f ( -x )  and h*(v) = h(-v);  thus we can repeat the earlier argument on the 
positive solutions {x(n)} of (E)'. This completes the proof of the theorem. 
COROLLARY 2.1. Let conditions (2.2) and (2.4) both be replaced by 
f(u) is nondecreasing and f(u)h(u) > t3 > 0 for u # 0, (2.11) 
?.1,0( 
where a is the ratio of odd positive integers with 0 < a < 1. Then every solution of (1.1) is 
oscillatory. 
PROOF. The proof is similar to that of Theorem 2.1 and hence is omitted. 
EXAMPLE 2.1. Consider the difference quation 
Amy(n) + 3 (3m+2)/5 2(4n-5)/15(y(n + 1)) 1/3 (Am-ly(n))2/5 = 0, n > 2, (2.12) 
where m is even. All the hypotheses of Corollary 2.1 are satisfied and hence every solution 
of (2.12) is oscillatory. One such solution is y(n) = (-1)"2 n. 
In the following two theorems, we replace condition (2.3) by the following: 
6(n) < a(n) < n, for n > no _> 0. (2.13) 
THEOREM 2.2. In addition to conditions (2.1) and (2.13), suppose that 
f(u) is nondecreasing and f(u)h(u) > r > O, for u ~ O. (2.14) 
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limsup q(s)f  > K2r f  (1/(m - 1)!)' (2.15) n-~oo s=6(n) 
and {6(n)} is nondecreas/ng, then every solution of (1.1) is oscillatory. 
PROOF. Assume to the contrary, and let {y(n)} be a nonoscillatory of (1.1) which we assume to 
be eventually positive. From the proof of Theorem 2.1, we obtain (2.9). Put 
z(n) = am- ly (n) .  
Then, in view of conditions (2.1) and (2.14), we have 
( 1 ) (m-1) !  / (5 (n)  '~ (m- l ' )  Az(n)+rK2f  q (n) f~\2m_ l  ] z(6(n)) <_ O, for all n > n2, (2.16) 
from which, arguing exactly as in the proof of Theorem 2.5 in [1], we get 
/ (8 (n)  '~ (m- l , )  1 
limsup q(s)f ~ ~ 2ra_x ] < K2r f  (1/(m - 1)!)' n--*oo s=6(n) 
which contradicts condition (2.15). Thus the proof of the theorem is complete. 
THEOREM 2.3. Let conditions (2.1), (2.I3) and (2.14) hold. Further, suppose that 6(n) = n - k, 
where k is a positive integer. I f  
linm in f q(s)f \ ~ 2m_l / 
i=n-k 
Then every solution of (1.1) is oscillatory. 
k ) (k-I-l) 1 (2.17) 
> ~ K2r f (1 / (m-1) ! ) "  
PROOF. Let {y(n)} be a nonoscillatory solution of (1.1), and as before we assume that y(n) > 0 
for n _> no _> 0. Proceeding as in Theorem 2.2 we obtain (2.16), which can be written as 
for all n > n2. Applying the techniques used in the proof of Theorem 4.1 in [3], we arrive at a 
contradiction to (2.17). We omit the rest of the details. 
The following examples are illustrative. 
EXAMPLE 2.2. The difference quation 
/key(n) + 2s/7(y(n - 1)) 1/3 (ASy(n - 1)) 2/3 = 0, n > 1, (2.18) 
has the oscillatory solution y(n) = ( -1)  n. We note that all the hypotheses of Theorems 2.2 
and 2.3 are satisfied. 
EXAMPLE 2.3. The difference quation 
Amy(n) = (312) m+il3 25/3 (y(tZ -- 1)) 1/3 (Arn-ly(n -- 2)) 2/3 = 0, n _> 1, (2.19) 
where m is even, has the oscillatory solution y(n) = (-1)n/2. Here all conditions required in 
Theorems 2.2 and 2.3 are satisfied. 
REMARKS. 
(a) If a(n) = 6(n) = n, then Theorem 2.1 is the same as Theorem 2 in [8]. 
(b) If h(u) = 1 or h(u) > a for u ~ 0 and a(n) = n - vn, then Theorem 2.1 reduces to 
Theorem 3 in [10]. 
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3. OSCILLATION OF FORCED EQUATION (1.2) 
In this section we axe concerned with the oscillatory and asymptotic behavior of solutions of 
the forced equation (1.2). Here the sequences {q(n)}, (a(n)} and the functions f and g are as 
in (1.1), and {e(n)} is a real sequence which is oscillatory. 
Our main result of this section is the following theorem. 
THEOREM 3.1. Let condition (2.1) hold. Farther, assume that 
(i) h( -u)  >_ h(u) > O, h(u) and f(u) are nondecreasing for u • O; (3.1) 
(ii) there exists an oscillatory sequence {g(n)} such that Amg(n) = e(n) :for n = O, 1 ,2 , . . . ,  
and g(n)/(n) (m-') --4 0 as n --~ oo. 
/ f  
n-1 / ( ::re,u, E I ('-')i 
\ 
,=o ) = (3.2) 
then every solution of (1.2) is either oscillatory or [Am-ly(n) - Am- l  g(n)] ---* 0 as n --* oo. 
PROOf. Let {y(n)} be a nonoscillatory solution of equation (1.2) and assume that y(n) > 0 for 
all n > no _> 0. Put y(n) = x(n) + g(n). It follows that there exists an integer nl such that 
x(a(n)) + g(a(n)) > 0 for all n > nl > no. Thus, 
Amx(n) = -q (n) f  (y (a(n))) h (Am-:y  (a(n))), for n > nl. (3.3) 
Consequently, all the differences of {x(n)} up to order m - 1 are monotone and are of one sign 
for all sufficiently large values of n. Now, if x(n) < 0 for n > nl, then there is an integer n2 
such that x(a(n)) < 0 for n _> n2, in which case, in view of the oscillatory character of g(n), 
x(a(n)) +g(a(n)) assumes negative values for infinitely many n larger than n2, which contradicts 
the fact that y(n) > 0 for n >_ hi. Thus we have x(n) > 0 for all n >_ nl. Since the hypotheses 
of Lemma 2.1 are satisfied for n > n2, there exists an integer n3 such that 
Ax(n) > 0 and A n -`  x(n) > 0, for n > n3 ~ n2. (3.4) 
Since {x(n)} is increasing, we use Lemma 2.2 to get 
1 Am_ ix (n) (  n )(m-l) x(n) > (m - 1)-----~. ~ , for n > 2n3. 
Since a(n) --+ oo as n --+ oo, we can choose an integer na such that 
1 
x(a(n)) ~_ (m -- 1)-""~, \2 re_ l )  , for n ~ n4 _~ 2n3. (3.5) 
In view of conditions (2.1) and (3.1), equation (3.3) reduces to 
((.._ 1),) s j 
(m - i):g (a(~))  A=_ ,g  -lt- (~-~n-~~)  h (Am-  I x (o'(n)) -~t- (o'(w,))) <~ 0, (3.6) 
for n >_ n4. Put 
w(n) =A~-:x(n), 
to obtain 
AT(n)  + cq(n)f \2---~:y_l/ ] f(w(a(n))) 
(m - I)!g(o(n)) 
+ (a(n)/2m_:)(m_:) h (w(a(n)) + Am-:g(a(n))) <_ O, n ___~ n4, (3.7) 
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where c = KZf (1 / (m - 1)l). Since Aw(n) < 0 for n > n4, we have limn-.oo w(n) = a for some 
constant a. I f  a < 0, then we get a contradiction to (3.4). For a > 0 we note that  
(,'n- 1)!g(,,(n)) 
and 
[w(~(n)) + Am-lg(~(n))] -- a 
Thus there is an integer n5 >_ n4 such that 
as  n --d, co .  
w (m - 1) lg(a(n))  a 
and 
a [= (a(n)) + A" - lg  (,,(n))] > ~, for n _~ ns, 
Using condition (i), we have from (3.7) the following inequality: 
(3.8) 
for all n > ns. Summing (3.8) from ns to n - 1, we obtain 
a contradiction to the condition (ii). This completes the proof of the theorem. 
REMARK. In Theorem 3.1 we do not require that  the functions f and h satisfy conditions of the 
form 
/ :i:°° du /4_ du f(u)h(u) < co or < co, 
o l(u)h(u) 
or that the function fh be almost linear. Thus our result holds for strongly superlinear, sublinear 
and linear cases. Furthermore, we impose no restriction on the sequence {a(n)}, and hence this 
sequence can be retarded, advanced or of mixed type. 
EXAMPLE 3.1. Each of the following equations: 
AmY(n)+ [{2-~-¥~-~2~W=~}JYS(n+l)(l+[ Am-ly(n)] = 2-+1 n> 1, 
(3.9) 
Amy(n) + 2 m-1 yl/3(n + 1) = 2m- l ( -1 )  ", (3.10) 
and 
Amy(n) + e2-/5(1 + e),,, (1 + I"m-ly(n)l 2/5) 2 [e-2"+I/s + (I + e)2m-ll s] (y(n + 1)) 1/5 
= (-1)"e-(1 +e)m, 
2 
(3.11) 
has oscillatory solutions yl(n) = (-1)n/2n, y2(n) = ( -1 ) "  and ys(n) = (-1)he '*, respectively. 
All the conditions of Theorem 3.1 are satisfied in each case. 
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